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Abstract. Some completely positive maps on reduced amalgamated free products of C*-algebras 
are constructed, showing that every reduced amalgamated free product of exact C*— algebras is 
exact. Consequently, every amalgamated free product of exact discrete groups is exact. 



Introduction. 

A C*-algebra A is said to be exact if for every short exact sequence 

0^ J ^ B ^ B/J ^ 

of C*-algebras and *-homomorphisms, the sequence 

O^A(S)J^A(g)B^A<S){B/J)^0 (1) 

of spatial tensor products is exact. The issue was first raised when S. Wassermann [10] 
proved in an example that the sequence (1) need not be exact. Later, he showed [11] that a 
sufficient condition for A to be exact is that it have a nuclear embedding A ^ A' for some 
C*— algebra A', i.e. that for arbitrary e > and for every finite subset oj <^ A there be an 
integer n and completely positive contractions <I> : ^ — > M„(C) and ^ : M„(C) — > A' such 
that llx — ^' o <I>(x)|| < e for every x £ oj. The class of exact C*-algebras is known to be 
closed under taking subalgebras, taking spatial tensor products and taking inductive limits. 
In some remarkable papers, [3] and [4], E. Kirchberg proved a number of conditions equivalent 
to exactness for separable, unital C*-algebras, among them nuclear embeddability. However, 
in this article we will not need to make use of Kirchberg's powerful results. A good reference 
for exact C*-algebras is Wassermann's monograph [12]. 
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EXACTNESS 



In [8], Voiculescu introduced the noncommutative probabilistic theory of freeness, which 
has turned out to be instrumental to the study of C*-algebras and von Neumann algebras 
associated to free products of groups, (see for example the book [9]). His amalgamated or "B- 
valued " version of freeness is as follows: if is a unital C*-algebra with a unital C*-subalgebra 
B and a conditional expectation (i.e. a projection of norm 1), (j) : A ^ B and if S C C A 
are intermediate C*-subalgcbras, (t G /), then the family (ylj^g/ is said to be free with 
respect to (j) if (j){aia2 ■ ■ ■ an) = whenever aj G A,,, nker and ti ^ L2, t2 7^ '-s, ■ " " i '-n-i '-n- 
Voiculescu also introduced the reduced amalgamated free product of C*-algebras, which we 
now describe. If B is a unital C*-algebra and if for a set / and every l e I, A^ is a unital C*- 
algebra containing a copy of B as a unital C*-subalgebra and having a conditional expectation 
(f)^ : A^ ^ B whose GNS representation is faithful (see 1.1 below), then there is a unique unital 
C*-algebra A containing a unital copy of B, with a conditional expectation cf) : A ^ B and 
with embeddings A^ A restricting to the identity on B such that 



(ii) the family {A^)^^j is free with respect to (p; 

(iii) A is generated by U(,e/ 

(iv) the GNS representation of ^ is faithful on A. 

This is called the reduced amalgamated free product of C*-algebras, and is denoted by 



In the case when B = C, the conditional expectations are just states and the construction (2) 
is often called simply the reduced free product. 

The following prominent example relates the reduced amalgamated free product of C*- 
algebras to the amalgamated free product of groups. Let B be the reduced C*-algebra C*^^{H) 
of a discrete group H, let be a discrete group containing a copy of as a subgroup and 
Take the conditional expectation r^' : A^ ^ B given by 



(i) v. G / </)|^^ = 



{A,(f>)= * (A, 



(2) 




Then the reduced amalgamated free product construction yields 



iCUG),r§) 



* (C7;,,(GJ,r^') 



(3) 



where G is the amalgamated free product of groups G = {*h) ^^^G^. 
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In this paper it is proved that in the reduced amalgamated free product of C*-algebras (2), 
if each is exact then A is exact. The proof proceeds by the construction of completely 
positive maps showing that A satisfies a condition analogous to nuclear embeddability; (see 
Lemma 2.1). Using different techniques, Kirchberg has proved [4] that every reduced amalga- 
mated free product of finite dimensional C*-algebras is exact. 

In [5] , Kirchberg and Wassermann defined a locally compact group G to be exact if the 
sequence 

O^Jx^l ^G^ Ax^^rG^ {A/J)Xa,rG^O 
I j' 

is exact for every continuous action a of G on a C*-algebra A and every a-invariant ideal J 
of A. They also showed that a discrete group G is exact if and only if its reduced group C*- 
algebra C*^^{G) is exact. A consequence of our main result is that the class of exact discrete 
groups is closed under taking amalgamated free products. 

In §1, Voiculescu's construction of the reduced amalgamated free product of C*-algebras 
is described in detail. In §2, some preliminary lemmas about exact C*-algebras and Hilbert 
C*-modules are proved. In §3, completely positive maps on reduced amalgamated free product 
C*-algebras are constructed and the main result is proved. 

Acknowledgements. I would like to thank Etienne Blanchard and Marius Junge for several 
helpful conversations. Most of this work was done while I was visiting I'Institut de Mathemat- 
iques de Luminy near Marseille. I would like to thank the members of the department and 
especially Etienne Blanchard and Jerome Chabert for their kind hospitality. 

§1. The construction of reduced amalgamated free products. 

In this section, by way of introducing some notation and a few conventions, we recall 
Voiculescu's construction [8] of reduced amalgamated free products of C*-algebras. 

Let i? be a unital C*-algebra, let / be a set having at least two elements and for every 
t G / let Ai be a unital C*-algebra containing a copy of i? as a unital C*-subalgebra; suppose 
that (l)^ : A^ ^ B is & conditional expectation satisfying the property that 

Va G A,\{0} 3x G A, (j),{x*a*ax) 0. (4) 



Then 



(A0)= * 
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denotes the reduced amalgamated free product of C*-algebras, whose construction is given 
below. 

The construction, if S 7^ C, depends on the theory of Hilbert C*-modules; see Lance's 
book [6] for a good general reference. However, if i? = C then all the Hilbert C*-modules 
considered below become simply Hilbert spaces. 

1.1. Let = be the (right) Hilbert B-module obtained from A by separation 
and completion with respect to the norm ||a|| = || (a, a)sj|''^^^, where {■,-)e, is the S-valued 
inner product, (ai,a2)E, = 01,(0102); note that this inner product is conjugate linear in the 
first variable, as will be all the inner products in this paper. We denote the map Ei, 
arising from the definition by a ^ a. Let tt^ : A^ ^{E^) denote the *-representation defined 
by TT^{a)b = ab, where as usual, for a Hilbert S-module E, ^(E) denotes the C*-algebra 
of all adjointablc bounded i?-module operators on E; we will also let %{E) denote the C*- 
subalgebra (in fact, the ideal) of 'C(£^) generated by the collection of all operators of the form 
6x,y for x,y e E, given by Ox,y{e) = x{y,e)E- Note that the condition (4) is equivalent to 
faithfulness of tt^. Consider the specified element = 1a, € E^. We will call (tt^, E^^, the 
GNS representation of (A^, and write (tTi, E^,^^,) = GNS(^i., though this is technically 
a misnomer unless B = C 

1.2. Voiculcscu's construction of A proceeds via the construction of a Hilbert i?-module 
E, which can later be seen to be L^{A,^). Note that the subspace ^^B is a complemented 
submodule of Ei, that is invariant under the left action 7rt|^ of B; indeed, is the projection 
onto ^^B. We will denote the complementing submodule by E° = P°E^, where we define 
n° = €£(£;,). Let 

E = ^B® E^^^bE°^^b---^bEI; 

neN 

tl,... ,L„&I 
'•l#<-2, '-2#'-3> ••• 1 '■n-l¥''-n 

here ^B denotes the C*-algebra B considered as a Hilbert S-module and with specified 
element ^ = 1b, the tensor products are internal tensor products arising in relation to the 
*-homomorphisms P°'k^\^{-)P° from B to L{E°), and N for us always means the positive 
integers excluding 0. All of the tensor products denoted in this paper will be internal 
tensor products defined with respect to some *-homomorphisms from B into L{F) for the 
various Hilbert i?-modules F, these *-homomorphisms arising canonically from 7r|^ and the 
several constructions employed on Hilbert i?-modules. The Hilbert i?-module E constructed 
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above is call the free product of the with respect to specified vectors , and will be denoted 
For i e / let 

E{i) =rj,B(B 0B ^B---^B El , 

(■!,■■■ ,l.n&I 
'•l#'-2, ■•■ , (■n-l#<-m 
(.!#(, 

where rj^B is a copy of the Hilbert 5-module B with r)^ = 1b, and let 



(5) 



be the unitary operator defined as follows. In order to distinguish the tensor product in (5) 
from those appearing in elements of E and E{l), we will use the symbol ® for it; then V,, is 
given by 



(Ci «> • • 



• «) Cn) ^ Cl • 

^ Cn) ^ C ^ Cl 



' Cn, 



whenever ( G E° and (j G E°, with i 7^ ti, ii 7^ i2, • • • , /-n-i 7^ ^n- Let : ^ be 
the *-homomorphism given by 

A,(a) = K(7r,(a)®l)y;. 



Then A is defined to be the C*-algebra generated by [j^^^j X^{A^), and 4> '■ A ^ B is the 
conditional expectation ^(•) = ■^)e- It is important to note that for b e B, the operator 

At (6) on does not depend on l. 

Let A° = A,n ker 0^. Note that ii a e A° and if Cj G E°. for ii, . . . , i„ G /, n > 2, and 
7^ tj+i, then 



A,(a)(Ci® = < 



f a (g) Ci <8) C2 «) • • • (8) Cn 

Ki -'^.i(C.i,aCi))«'C2 
+ 7i"t2((Cn,aCi))C2 



Cn 



if t 7^ ti 



if t = ti . 



(6) 
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1.3. Throughout this paper we will usually omit to write the representations and n^, and 
we will simply think of the as C*-subalgebras of L{E^) when it suits us and of I~j{E) when 
it suits us, and of B acting on the left and the right of just about everything. 

1.4. The free product C*-algebra A is the closed linear span of B together with the set 
of all reduced words of the form w = aia2---aq where g G N, aj G , Li,...,iq G / 
and ti 7^ i2, ••• ,i^q-i 7^ '-g- The length of this word w is q. Using (6) one can see that if 
w; = ai ••• aq is a reduced word of length q and if Ci ® • • • ® Cn € E°, ®b ■ ■ ■ ®b E°, Q E 

^ ^1 n, 

for n > q, then when acting on (g) • • • (g) w only sees the first bit, Ci ® " " " ® Cq; ^^id 
w{(i (g) • • • (g) Cn) is a linear combination of simple tensors having lengths between n — q and 
n + q, and each with the same tail •••(g) (q+i ig) • • • ig) Cni (possibly multiplied on the left by an 
element of B). The tail simply hangs on for the ride, so to speak. 

§2. Preliminary lemmas and a construction 

In this section are assembled a few preliminary results and a construction involving Hilbert 
C*-modules. We begin with an easy generalization of the proof of Wassermann's result [11] 
that nuclear embeddability implies exactness. 

Lemma 2.1. Let A' be a C*-algehra and let A he a C* -suhalgehra of A' . Suppose that for 
every finite subset ui C. A and every e > there is an exact -algebra D and there are 
completely positive contractions, : A ^ D and ^> : D ^ A' , such that \\x — o ^(a::)|| < e 
for every x e lo. Then A is exact. 

Proof. Using the hypotheses and taking the directed set of all finite subsets of A, one constructs 
a net {^x, Dx,"^ \) of exact C*-algebras Dx and completely positive maps ^x '■ Dx and 
'^x-Dx^ A' such that 

^x e A lim II^A o 'J*A(a;) - x|| = 0. 

A 

Let 

be an exact sequence of C*-algebras and *-homomorphisms. Let x G {A0 B)r\ ker(idyi (g) tt). 
We will show that a; G ^ (g /, which will prove the lemma. For every A we have 



= ($A ® idc) o (idA <g 7r)(x) = (ido^ <g tt) o {^x ® idi3)(x). 
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SO (#A®idB)(a;) G (Z)A®-S)nker(idD^(8)7r). Since Da is exact, this implies that ($A<^idB)(x) G 
Dx (8) /. Hence ((*a ° ^x) ® ids) (x) G .4' (g) J. We then have that 

X = hm((^'A o ® ids) (x) G A' (g) 7. 

A 

But it is easily seen, using an approximate identity for /, that (A<^ B) Ci {A' <8) /) = A<^ I. 
Therefore we find that a; G A ® /, as required. 

□ 

The next result is well known to experts; proofs can be found at [2, Prop. 2] and [4, 7.1], 
and another proof is possible using exact operator spaces [7]. I would like to thank Etienne 
Blanchard for first bringing it to my attention and showing me a proof. Here and everywhere 
in this paper, ideals of C*-algebras are closed, two-sided ideals. 

Lemma 2.2. Let A be a C* -algebra, let J be an ideal of A and let q : A ^ A/ J be the 
quotient map. Suppose that the short exact sequence 

0^ J ^ A^ A/J ^0 

has a completely positive contractive splitting, i.e. a completely positive contraction, s : A/J ^ 
A, such thatqos = id^/j. If A/ J and J are exact C-algehras, then A is an exact C -algebra. 

Lemma 2.3. Let A be a unital C -algebra having a unital -subalgebra B and a conditional 
expectation (f) : A ^ B. Let C(T) be the C -algebra of all continuous functions on the circle 
and let r be the tracial state on C{T) given by integration with respect to Haar measure. 
Consider the conditional expectation 

(I)®t:A® C(T) ^ B®1^B 

and let (tt, F, ^) be the GNS representation of {A® C{T),(/)0t) as described in 1.1. Then 

'K{A®CiT))c^%{F) = {0}. 

Proof. Let 

= GNS(A</') 
(p,J{,7?') = GNS(C(T),r); 

then J{ = L2(T) and for / G C(T), is multiplication by /. The Hilbert ^(g)C(T)-module 
F is canonically isomorphic to the external tensor product £" ® J{, tt is thereby identified with 
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cr(g)p and X{F) is identified with X{E)<^X{J{). But 7r(A(g)C(T)) commutes with l(g)p(C(T)), 
and an elementary argument shows that 

® 3C(!K)) n (1 ® p(C(T)))' = {0}. 



□ 

Lemma 2.4. Lei B be a -algebra and let I be a countable set. For every i G I let be a 
C* -algebra containing B as a C* -subalgebra and having a conditional expectation (f)^ : ^ B . 
Let Y be a countable subset of B and for every l ^ I let X,, be a countable subset of A^. Then 
there are separable (T -subalgebras D C. B and ^ A^ (l G I), such that Y C. D, C. C^, 
D C and 4>i{C^) = D for every tel. 

Proof Let Di = C*{Y) C B and C,,i = C*{X,) C A„ and forn e N define recursively 
C,,n+i = C*iC,,n U L>„) and D^+i = C* (d^ U \J .^.(C,,„+i)') . 

Finally, let 



= U and D=[j Dn. 

n>l n>l 



□ 

Remark 2.5. If in Lemma 2.4each A^ is unital, having B as a unital subalgebra and if the 
GNS representation of each is faithful, then consider the reduced amalgamated free product 

{A,(t>)= * (A, (9) 

def 

For D and as constructed in the lemma, take the conditional expectations ip^ = (f)A^ : 
^ D and the reduced amalgamated free product 

(c,</.)= * (10) 

Then by the main result of [1], the embeddings ^ A^, extend to an embedding C ^ A. 
From this it is easily seen that every reduced amalgamated free product C*-algebra A as in (9) 
is the inductive limit of reduced amalgamated free products of separable subalgebras of the 
A, as in (10). 
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Lemma 2.6. Let B he an exact C* -algebra and let E he a countahly generated Hilhert B- 
module. Then X{E) is an exact C* -algehra. 

def 

Proof. By Kasparov's stabilization lemma, ii^ is a complemented C* -submodule of "Kb = Jt® 
B, the external tensor product of a separable infinite dimensional Hilbert space !K and the 
Hilbert B-module B. Thus X{E) is a C*-subalgebra of X{:Kb) = X{^) <8) B, which is exact. 

□ 

For the rest of this section we concentrate on the following construction. 

Definition 2.7. Let B^ and B2 be C*-algebras and let Ei be a Hilbert Bj-module, {i = 1, 2); 
let TT : Bi ^ ^{E2) be a *-homomorphism and let Ei i^i-k E2 be the associated internal tensor 
product. If ^ C £(£^2) is a C*-subalgebra such that Tr{Bi)A C A, then let 

X{Ei) A (11) 

be the C*-subalgebra of £-(-^1 E2) generated by 

{eeaei,\e,e'eEi,aeA}, (12) 

where 0^ G L{E2,Ei (g)^ E2) is the operator defined by Oe{f) = e (g) /, (see [6, 4.6]). 

By identifying Ei®-,^E2 with Ei®t^A®aE2, where we regard vr as also a *-homomorphism 
from Bi into 'C(A) for the Hilbert A-module A, one sees that X{Ei) ix]^ A is canonically 
isomorphic to X{Ei A) (g) l^^. However, we persist with the notation (11) because it seems 
more convenient for keeping track of the tensor product structure of the Hilbert modules. It 
may be helpful to realize that if = C and tt is unital then X{Ei) cxi^ A is simply X{Ei)®A. 

Some easy facts about this construction are collected in the lemma below. 

Lemma 2.8. 

(i) X{Ei) cxi^ A is the closed linear span of the set (12). 

(ii) X{Et) \xi^ X{E2) = X{Ei (g)^ E2). 

(iii) Let "Kb^ he the Hilhert Bi -module that is the external tensor product "K^Bi, where "K 
is a separable, infinite dimensional Hilbert space. Then X{^Bi) Xtt ^ is canonically 
isomorphic to X{!H) (g 7r{Bi)ATT{Bi). 

(iv) Suppose El is countahly generated. Then by the Kasparov stabilization theorem, Ei is 

isomorphic to a complemented submodule of ^Bi ■ Let P he the projection from "Kb^ 
onto El. The inclusion Ei ^"Kb^ provides an inclusion X{Ei) co^ A ^ 3C(3iBi) 
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A and the map ^{x) = (P(8)l)a;(P(8)l) is a conditional expectation from %{JiB^) ixItt A 
onto X^Ei) cxItt a. 

Proof, (i) follows from 0*,6'e = 7r((e',e)). 
(ii) follows from 9^.9 fj^O*^, = 6'e(g,/,e'cg)/'- 

In (iii), the isomorphism is p : %{'Kb^) iXtt A %{%) tt{Bi)Att{Bi) given by, for 
V, v' e^K, b,b' e B and a e A, 

p{9v(S)ba0v'(S)b') = Ov,v' 7r(6)a7r(6'). 



□ 

Perhaps slightly less obvious facts about this construction are below. 

Lemma 2.9. Let J be an ideal of A and suppose that Ei is countably generated; note that 
7ri(-Bi)J C J. 

(i) Then X{Ei) cxItt J is an ideal ofX{Ei) ixItt A and the quotient C* -algebra 

%iEi) A 
X{Ei) 00^ J 

is isomorphic to a C* -subalgebra of%® {A/ J), where % is the algebra of all compact 
operators on a separable infinite dimensional Hilbert space. 

(ii) // the short exact sequence 

0^ J ^ A^ A/J ^0 (13) 

has a completely positive contractive splitting s : {A/ J) A then the short exact 
sequence 

has a completely positive contractive splitting 

, X(Ei) \x\„ A . 
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Proof. Let us write D = %{Ei) ixi^r A and / = X{Ei) ixItt J. It is clear that I is an ideal 
of D. Let p : XCKbi ) ixItt A ^ % i^i A he the isomorphism indicated in Lemma 2.8(iii) and 
let $ : XCKbi) ixItt A %{Ei) ^ be the conditional expectation in 2.8(iv). One easily 
verifies that p{X{^Bi) ixi-K J) = X (g) J ^ % ^ A and ^{XCKbi) >^tt J) = I- Therefore we see 
that p{D) ri{%0 J) = p{I), and hence that D/I is isomorphic to the image, call it C, of p{D) 
in the quotient {X (g) A)/{X (g) J) = OC (g) {A/. J). This proves (i). 

If s : ^/ J ^ ^ is a completely positive contractive lifting of the short exact sequence (13), 
then idoc (8) s : 3C (g) {A/ J) ^ 3C (g) A is a completely positive contraction. Let qo '■ p{D) — C 
be the quotient map; we seek a completely positive splitting for the short exact sequence 

Q^I^D^^C^Q. (14) 

Let x G C C X (g {A/ J) and let y = (idx s){x). Then y G p{D) + (3C (g J); hence 
p o $ o p~^{y) — y G X (g J. But p o $ o p~^{y) G /9(-D) and qd o p o ^ o P~^{y) = a^- Hence 

g = # o p"^ o (idoc <^ s)\^ : C ^ D 

is the desired completely positive contractive splitting of (14). 

□ 

Remark 2.10. It is natural to ask whether the splitting s constructed above satisfies 

s{9eaei, + X{Ei J)) = e^sia + J)e^, (15) 

for every a ^ A and e,e' G I don't know the answer to this question in general, but 
if s is assumed to satisfy the additional condition s(7r(6)a + J) = 7r(6)s(a + J) then it is 
straightforward to show that (15) holds. 

Lemma 2.11. We have 

{X{E{) ii{E2)) P\{ii{E{) (g 1b,) = X{E^) ® Ie,. (16) 

Proof. Let {u\)\^f^ be an approximate identity for X{Ei)^ where each u\ is of the form 
EiLi^ei.ej, {n G N, ei,e'i G Ei). Note that OeilE^Ol'. = ^ei.ej l^^, and {ux (g IbJasa is 
an approximate identity for X{Ei) cxItt L^E^). If y belongs to the left-hand-side of (16) then 
y = x®\e2 for some x G L{Ei). But also ?/ = \\mx{uxxux g) Ib,) ^ 3<;(£'i) g) 1_b2- 

□ 
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3. Exactness of free product C*-algebras 



This section contains the proof of the main theorem, that every reduced amalgamated 
free product of exact C*-algebras is exact. Let 

be a reduced amalgamated free product of C*-algebras and let E be the Hilbert -B-module as 
described in §1. Consider the submodules of E, 



e 



K ®B ®fl • ■ ■ ®B , {k e N) 



ne{1.2.... .k} 

1-1, ■■■ yl-n&I 



and -E'(^o) = Let P{-^k) denote the projection from E onto E(^_^f--^ . Consider the completely 
positive unital maps 

obtained by compressing: = • the following lemma we will find com- 

pletely positive unital maps going the other way which are approximately left inverses on 
elements of A C ii{E). 

Lemma 3.1. There are completely positive unital maps, '■ ^{E(^k)) ^ ^{E) such that 

limfc^oo ||a -^ko ^kia)\\ = for every a e A. 

Proof. We will first define, for every two positive integers p and k with p < k, an isometry 



(17) 



belonging to Z>{E,E(^^k) E). Let us use the symbol (g) for the tensor product in (17), 
in order to distinguish it from tensor products appearing in elements of -E(^fc) or E. We let 
Vp,k{0 = ^^^ and 



f (Ci«>---«)Cn)<i)e 

/ n—p— 1 



Vp,k{Cl®---®Cn) = < 



j=0 



+ ^(Cr 



Cp+j) ^ (Cp+i+1 

Cn)^C 



k-p-1 ^ 

5Z (Ci ® • • • «> Cp+j) ^ iCp+j+i 



a 1 < n <p 



ii p < n < k 



if < n. 
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whenever n G N and Q G , for some ii, . . . , t„ G / with ti 7^ t2, ■ • • , i-n-i 7^ '-i 
difficult to check that Vp^k G '^(-E', -E'(^fc) ®b ^) and is an isometry. 

Let Gp^fc : £j{E(^_,j^^) ^{E) be the completely positive unital map defined by 

We claim that 

\\a - &p,k o ^ (18) 

for every a G A, as A; — > 00 and p — > 00 in such a way that {k — p) 00. It is straightforward 
to show that 6^,^ ° ^k{b) = b for every b & B C A; hence, to show (18) for every a G >1, it will 
suffice to show it for every reduced word, a = ai ■ ■ ■ aq, (see 1.4). 

Let us now consider some more submodules of E; for n G N let 

= E°^ K ®B • • • ®B El , 

Ll,... ,Ln€zI 
'•15^'-2v >'-n-l7^'-Ti 

and let £^(o) = ^B; let be the projection from E onto -B(n)- We can think of operators, 
X G i^{E), as infinite matrices indexed by {0} U N, where the (n, m)th entry is P(^n)xP(^^y We 
will let Sd{x) be the matrix consisting of only the dth diagonal: 

00 

n=max(0,— d) 

where the sum converges in the strict topology. Note that ||S'(/(a;)|| < ||x||. Let a = ai - ■ - aq 
be a reduced word of length q, aj G A°, ; then Sd{a) vanishes whenever \d\ > q; thus a = 
Yld=-q 'S'd(o)- We will show that for every d G {—q, —q + 1,... ,q}, 

\\Sd{a)-@p,kO^k{Sd{a))\\^0 

as k, p, and k—p all tend to infinity, which will suffice to prove (18). Fix d and write y = Sd{a) 
for convenience. We may and do assume that p > 2q and k — p > 2q. Checking the several 
cases, one shows that y — Qp^k ° ^k{y) = yR where R G ^(-E) is the operator that multiplies 
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. It is not 
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^ by and every element in by a real number given by 



Rn — \ 



k — n — d 
k—p 



_ / k-n \ 



k-n-inin{0,d)-{k-ny'^{k-n-d) 



sl/2 



k—p 



d 
k—p 

-d-Vk 



—n—d \ 
P J 



\d\ 
k—p 



ii n < p and n + d < p 
ifn<p<n + d<k 

ifn + d<p<n<k 

if p < n < k and p < n + d < k 

ifp<n<k<n + d 

ifp<n + d<k<n 

a k < n and k < n + d. 



Let us write down this computation in the case where p < n < k and p < n + d < k. Let 
ii, . . . ,Ln & I satisfy ii-, ... , t„-i 7^ in and let € . We will investigate 

{y - ep,fc o $fe(y)) (Ci ® • • • ® Cn) = (y - y;,k{^k{y) ® (Ci ® • • 



We have 



'n—p—1 

7fe(Ci ® • • • <^ Cp+j) ^ (Cp+i+i ® • • • ® Cn) 

J=0 



+ 



Ik—n 



and for every j G {0, 1, . . . , n — p}, 



<^fe(2/)(Ci <8) • • • (8) Cp+j) = y(Ci <8) • • • (8) Cp+j) e ^(p+j+d)- 



If < j < —d then p + j + d < so 

^p%(2/(Ci ® • • • ® Cp+j) ® (Cp+i+i ® • • • ® Cn)) = 0. 

If max(— d, 0) < j < n — p then since p> q and using 1.4 we have 

^p% (y(Ci <8 • • • (8 Cp+i) <8 (Cp+j+i <8 • • • (8 Cn)) = 
= 7^ (y(Ci ® • • • Cp+j) ^ (Cp+j+1 ® • • • ® Cn)) 



Finally, 



^p%(y(Ci^---®Cn)^0 



yjh — n — d 
yjk — 'p 
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Putting this together we get 

as required. The other six cases are similar but a bit easier to check. 

Since < g and q is fixed, we sec that Rn tends to zero uniformly in n as p, k and k—p 
all tend to infinity. We have shown (18). Letting = @[k/2],k finishes the proof. 

□ 

In the reduced amalgamated free product {A, 0) = *^ (yl^, 0J from the above lemma, if 
we assume that I is finite and each of the C*-algebras A^ is finite dimensional, then each of the 
submodules E(^_^f^-^ is finite dimensional; it follows that A is nuclear ly embeddable, and hence is 
exact; this allows an alternative proof of Kirchbcrg's result [4, 7.2] that reduced amalgamated 
free products of finite dimensional C*-algcbras arc exact. In order to prove our main result, 
we will use the notion analogous to nuclear embeddability as found in Lemma 2.1 and we will 
prove, for all k, exactness of a C*-algebra containing <^k{A). 

Theorem 3.2. Suppose that B is a unital exact C -algebra, I is a set and for every l e I A^ 
is a unital exact C* -algebra containing B as a unital C* -subalgebra and having a conditional 
expectation, (p^, from A^ onto B, whose GNS representation is faithful. Let 

be the reduced amalgamated free product of C -algebras. Then A is exact. 

Proof. A is the inductive limit of C*-algebras obtained by taking free products of finite sub- 
families of ((^t, <t>i)) ^(zp to this, one can prove directly that the free product of a subfamily 
embeds in the free product of the larger family by examining the Hilbert C*-modules on which 
these C*-algcbras act; this also follows from the more general result in [1]. Since exactness 
is preserved under taking inductive limits, we may without loss of generality assume that / is 
finite. Similarly, using Lemma 2.4 and [1] as described in Remark 2.5, we may without loss of 
generality assume that B and every A^ is separable. 

We shall use the same subspaces and completely positive maps as in the proof of Lemma 3.1, 
and the same notation. Recall also that P° is the projection from onto E°. 

It may happen that, A^ n %{E^) ^ {0}; for technical reasons we would like to avoid this 
situation. Let 

(D,V')= * (A®C(T),</),®t), 



16 EXACTNESS 

where C(T) the C*-algebra of all continuous functions on the circle and where r is the state 
on C(T) given by integration with respect to Haar measure. It is fairly straightforward in this 
example (and similar ones involving tensor products) to show directly that A is isomorphic to 

a C*-subalgebra of D; moreover, this follows from the more general result found in [1]. Hence 
in order to show that A is exact it will suffice to show that D is exact. But each C*-algebra 
A^(S'C(T) is exact and acting on L'^{Ai,iSiC{T), (pi,, (g)r) contains no nonzero compact operators, 
by Lemma 2.3. Therefore, we may without loss of generality assume that fl 3C(£^J = {0} 
for all tel. 

For t G / let A, be the C*-subalgebra of £.{E°) generated by {P°aP° \ aeA,}U X{E°). 
We will now show that there is an exact sequence 

^ X{E°) ^A,^A,^0 (19) 

with a completely positive unital splitting. Let 

be the quotient map. Since X{E°) C A,^, we have the short exact sequence 

^ X{E^) g°(lj ^ 0; 

let us show that q°{A) = A- Clearly q°{A) is generated by {q°{P°aP°) \ a G A,}. Since 

(P>iP°)(P>2P°) - (P>ia2P°) 
is compact for all ai , 02 G A,^. Therefore, the map 

A9a^(/°(P>P°) (20) 

is a *-homomorphism onto q°{Ai,). But if a G and P°aP° is compact then a G X{E,) and 
hence a = by assumption. Therefore the map in (20) is an isomorphism from A,, to q°{A,). 
Now it is clear that the map 

A,3a^ P°aP° G A 



is a completely positive unital splitting of the exact sequence (19). 
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Fix G N and let us investigate For p e {1,2, . . . ,k} and t e I consider the 

Hilbert B-modules 

r]B if p = k 



r]B® 



e 



®bE? iip<k 



ee{i,2... ,k-p} 

ti,... ,LeeI 



e 



if p = 1 



'■lT^I-2,--- >'-p-27^'-p — 1 



As usual, 77S refers to a copy of the Hilbert S-module B where the identity element of 
B is named r]. Let Vp^^ G ^{Lp^^ (8)^ E° (8)^ Rp^^,E) be the isometry defined by erasing 
parenthesis and absorbing all occurrences of 77; namely, given e e E°, Q e E°. and € E°, 
for ti, . . . , i^, 4, • • • , 4-1 ^ with <,j 7^ t'j+ii 7^ '-j+i' ^^"^ using (g) for the tensor product 
symbols in Lp^^, ®b E° ®b Rp,i-, we let 



iiip=l) 

r?(8)e(g)(Ci «) ••• ® Cp-i) ^e®Ci ® ■ ■ ■ ® Cp-i (if P > 1) 

(Ci <X) • • • <8) 0) (8) e (g) ?7 Ci • • • e (if p = 1) 

(Ci (8) • • • (8) 0) (8) (Ci • • • «) Cp-i) ^ Ci • • • «> «) e (8 • • • «> Cp-i (if P > 1)- 

Note that for fixed p, (V^,t(Lp,t <E>b E° ®b Rp,i.)^p,i) is a family of mutually orthogonal 
complemented subspaces of E(^_^}^y 

Let a = 0102 ■ ■ ■ aq ^ A, where aj G A° ^. , l\ ^ ii, ■ ■ ■ , iq-i 7^ iq- Let G E°, (1 < j < n) 
with 4^4,..., 4_i 7^ 4. If ^ l[ then 

a(Ci (8 • • • <8 Cn) = Oi ® • ■ • ® «^ ® Ci ® • • • <^ Cn- 

If Lq = l'i and iq-i ^ i-2 then 

a(Ci (8 • • • (8 Cn) = oi <8 • • • <8 a^i (8 (a*, Ci)C2 <8 Cs ® • • 
+ oi ® • • • ® api ® (P°aqCi) ® C2 ^ 

Continuing in this way, and noting that, for example, 

(opi, (a'^*, Ci)C2> = {a* ® opi, Ci <8 C2), 
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we see that if ii = l[, ig-i = 4) • • • , i-q-e+i = 4 t>ut Lq-£ ^ ^-'ij^x, some £ < mm{q, n), then 
a(Ci ® • • • ® Cn) = ai ® • • • ® ® (a* ® • • • ® a*_^_^^, Ci ® • • • ® ® 0+2 ® • • 



i=2 ^ 



+ oi (g) • • • (g) a^i (g) (P° OgCi) g) C2 • • • g) Cn- 

Making use of this and other related formulas and employing the convention that a sum 
Yl^=n ^3 '^^ whenever m < n, we find that for a = aia2 ■ ■ ■ aq as above, 

min(g,fc) 
j=max(0,g— fc) 

min(fc-l,fc-[^]) min(Q-l,fc-p) 

+ E EE ^j'-^((^^i«-®s5ii^?^s^...«„i:>H,0^p*,^ 

p=l j=m£ux(l,p+q— fc) (.ei"\{(.3-,(,3-|-i} 



[2] min(g,fc— 

+ E E yp^H{{()a.^---^^T-.PH^3P:^^^^^^^ (22) 

P=l j=max(l,p+q— fc) 

where the symbols 

ai g) ■ • ■ g) aj- in line (21) should be interpreted to mean ^ if j = 0, 
Oq (g • • • (g ill line (21) should be interpreted to mean ^ if j = q, 
ai g) • • • g) Oj^i in line (22) should be interpreted to mean 77 if j = 1, 
flq g) • • • g) 0'*j-^-i in line (22) should be interpreted to mean r] if j = q. 

Observe also that if 6 G then 

k 

= + E E ^pAi^bO;) ® IrJV*, (23) 
p=i te/ 



EXACTNESS 



19 



The importance of these expressions is that they give $fc(ai • • • a^) and $fc(6) as sums of finitely 
many elements of 

X{E^^k))^ U ^P,4W^P,0^^J®1«.J^;,.- (24) 
pe{i,... ,k} 

The C*-algebra generated by the set in (24) therefore contains $^(^1). We will find a sort of 
composition series decomposition of this C*-algebra and thereby show that it is exact. 
Given p e {1, . . . ,k} let 



Dp = span I U yp,,((3C(Lp,J cx A,) ® lR^_,^Vp^, 



Then Dp is a C*-subalgebra of £(£J(^fe)) that is isomorphic to 
Moreover, it is not difficult to see that 

Dp^Dp^ C. -Dmin(pi,p2)- (25) 

Let To = X{E(^k)) and for every p G {1, . . . ,k} let Ip = 1p-i + Dp. Clearly (25) implies that 
2p_i is an ideal of Ip. We will show by induction on p G {0, 1, . . . , A;} that 2p is a C*-algebra 
and that for every p>l the short exact sequence 

^ ^ Jp ^ Ip/Tp-i ^ (26) 

has a completely positive contractive splitting and 

X IT ^ / ^ C*-subalgebra of ©^^^ %®A, if p < k 

Elementary theory of rings implies that the quotient *-algebra 2p/2p_i is isomorphic to 
-Dp/(-Dp n2p_i), and the isomorphism is seen to preserve the quotient norms. Since Dp/{Dpf] 
1p-i) is a C*-algebra, it follows that Xp is a C*-algebra. 
We have the commuting diagram 

— > Ip-i — ^ ^Tp — > Xp/Xp-i — > 

u u T 

0^ DpnXp_i ^ Dp ^ Dp/{DpnXp_i) ^0. 
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In order to find a completely positive contractive splitting for the sequence in the top row, 
it will suffice to find one for the sequence in the bottom row. Since the projection Vp^^V*,^ 
commutes with Dp for each t G /, it will suffice to find a completely positive contractive 
splitting for the exact sequence 

^ v;^XDp n ip-i)Vp,, ^ v;^,DpVp,, ^ iy;^,DpVp,,)/{yiXD, n ip-i)Vp,,) ^ o. (28) 

But 

y;,.DpVp^, = (ac(Lp, J M A) ® ifl^,^ 

while 

%{Lp^, ®B E:) ® Ir^_^ C VlXDpr\lp.i)Vp,, C 3C(Lp,, ®B E°) m 

Clearly 

X{Lp,, E°) CO L{Rp,,) = %{Lp,,) M (3C(£;°) M 
and from Lemma 2.11 we have 

[XiE^) ixi iiiRp,,)) n {A ® Ifl, J = OC{E°) l«^,j 

hence 

y;AE>p n 2p-i)yp,. = (ac(Lp J M ac(K)) lii,,.- 

Therefore, using Lemma 2.9 we see that Dp/ {Dp n2p_i) is isomorphic to a C*-subalgebra 
of X (g) and, in light of the completely positive contractive splitting we found for the 
short exact sequence (19), the short exact sequence (28) has a completely positive contractive 
splitting. Putting these together, we obtain the isomorphisms (27) and a completely positive 
contractive splitting for (26). 

We can now finish the proof of the theorem. By Lemma 2.6, the C*-algebra Tq is exact. 
The isomorphisms (27) imply that the quotients Ip-i/Tp are exact C*-algebras. Using the 
completely positively contractively split exact sequences (26) and Lemma 2.2, we can prove 
by induction that Ip is exact for all p G {0, 1, . . . , k}. But since $fc(A) is in the C*-algebra 
generated by (24), we see that $fc(A) C X^. Therefore, we may use Lemma 2.1 together with 
the completely positive unital maps <^k and found in Lemma 3.1 to conclude that A is 
exact. 

□ 

Recall that a discrete group is exact if and only if its reduced group C*-algebra is exact. 
The following corollary is a result of Theorem 3.2 and the fact, expressed in equation (3) 
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in the introduction, that certain reduced amalgamated free products of group C*-algebras 
correspond to amalgamated free products of groups. 

Corollary 3.3. Suppose H is a group, I is a set and for every t, € I, d is an exact group 
taken with the discrete topology and containing a copy of H as a subgroup. Let G = {* h) ^^^fi ^ 
he the free product of groups with amalgamation over H . Then G is an exact group. 
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